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A comparative analysis on the popular schemes for evaluating evolution equation in lattice Boltz-
mann method (LBM) is presented in this paper. It includes two classical characteristic-line schemes,
Boesh-Karlin and He-Luo scheme, and a author-proposed scheme, Taylor-expansion scheme, origi-
nating from the extension of He-Luo scheme. We detailly discuss the mathematical mechanism and
the equilibrium distribution evolution behind them. By analyzing the conflict between prediction
and derivation, we address the preconditions for these schemes. At the end, we conclude their pros
and cons and suggest scheme’s applicable scene based on their derivation procedure and further
development capacity.
I. INTRODUCTION
In the past decades, numerous works based on lat-
tice Boltzmann method (LBM) have been published, in-
volving almost all areas in computational fluid dynamic
(CFD), such as hydrodynamic systems [1, 2], multiphase
and multicomponent fluids [3–7], porous media flow [8, 9].
They all benefit from the development of LBM theo-
ries, especially the theories based on BGK-Boltzmann
equation [10]. LBM is considered as a mesoscopic al-
gorithm, which calculates a distribution involves both
micro and macro physics. The theory of LBM con-
sists with three parts: I. evaluating evolution equa-
tion from kinetic theory [11–14]; II. discretizing equi-
librium distribution [13–15]; III. recovering macroscopic
equations [12, 14, 16, 17]. The evaluation of evolution
equation from kinetic theory illustrates its microphysi-
cal process. It attracts lots of scholars, referring to the
aforementioned cites. A major branch is integrating the
characteristic-line BGK-Boltzmann equation.
In this paper, we intend to take a comparative analysis
on the popular characteristic-line schemes. The analysis
tends to offer a profound understanding of the mecha-
nism behind the schemes and discuss the their applica-
ble scene. We will analyze three schemes, including two
popular schemes under characteristic line LBM theory,
Boesch-Karlin (BK) [11] and He-Luo (HL) [13] scheme,
and a author-proposed scheme, Taylor-expansion (TE)
scheme, originating from the extension of BK scheme.
These three schemes can be classified into two kinds:
partial integration approach and linear first-order ordi-
nary differential equation approach. Our argument will
show that both kinds try to analytically integrate BGK-
Boltzmann equation along the characteristic line. The
distinction is that they employ different expressions of
the equilibrium distribution evolution along the charac-
teristic line. We will analyze the cause of the conflict
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on schemes’ evolution equations, which leads us to the
preconditions of schemes. Then we will comment on
schemes’ derivation procedure and their further devel-
opment capacity, and suggest their applicable scene.
The remainder of this paper is organized as follows.
Sec. II offers a brief review of the characteristic-line LBM
theory, focusing on the evaluation of evolution equation.
Sec. III provides a detail derivation of the BK scheme.
We revisit the procedure of BK scheme and demonstrate
the mathematical mechanism behind it. Sec. IV proposes
TE scheme as an extension of the mathematical skill, par-
tial integration, behind BK scheme. The derivation em-
ploys the same condition with BK scheme. Sec. V reviews
the derivation of HL scheme and recovers all the evolu-
tion equations in BK and TE scheme. Sec. VI presents
an analysis of the conflict on the derived evolution equa-
tions. Based on the analysis, we address the precondi-
tions for schemes. Sec. VII concludes the pros and cons
of schemes. The conclusion is argued in two way: the
performance in previous derivation and further develop-
ment capacity. Finally, Sec. VIII summarizes the whole
paper.
II. BRIEF REVIEW ON
CHARACTERISTIC-LINE LBM THEORY
Before we start the detail derivation and analysis, we
would like to give a brief review of characteristic-line
LBM theory [13, 14, 18]. There are two keynotes in
the characteristic-line LBM theory: I. employing char-
acteristic-line integral to evaluate the evolution equa-
tion from BGK-Boltzmann equation, which establishes
the relationship between LBM and classical kinetic the-
ory; II. recovering the macroscopic equations directly
from BGK-Boltzmann equation regardless of the form
of evolution equations, which constructs the relationship
between LBM and real physical world. In this section,
the review will focus on the evaluation of evolution equa-
tion, which identifies a scheme.
2We start with the BGK-Boltzmann equation [10].
∂f
∂t
+ ~ξ ·
∂f
∂~r
= −
1
λ
(f − g) (1)
where f ≡ f
(
~r, ~ξ, t
)
is the particle distribution, ~r and
t are the location and time respectively, ~ξ is parti-
cle’s microscopic velocity, λ is the collision time, and
g ≡ g
(
~r, ~ξ, t
)
is the Maxwell-Boltzmann distribution.
g ≡
ρ
(2πRT )D/2
exp

−
(
~ξ − ~u
)2
2RT

 (2)
where R is the ideal gas constant, D is the dimension of
the space, and ρ, ~u, and T are the macroscopic density
of mass, velocity and temperature, respectively.
Along the characteristic line ~r + ~ξt, the partial differ-
ential equation, BGK-Boltzmann equation, becomes an
ordinary differential equation (ODE), in which the left-
hand side in Eq. (1) can be interpreted as the total dif-
ferential of f with respect to t,
df
dt
= −
1
λ
(f − g) (3)
where
d
dt
≡
∂
∂t
+ ~ξ ·
∂
∂~r
Integrating Eq. (3) along the characteristic-line ~r + ~ξt
with respect to t, we can reach
f
(
~r +∆t~ξ, ~ξ, t+∆t
)
− f
(
~r, ~ξ, t
)
=
−
1
λ
∆t∫
0
(
f
(
~r + ~ξt′, ~ξ, t+ t′
)
− g
(
~r + ~ξt′, ~ξ, t+ t′
))
dt′
(4)
In order to make notations lighter, short-hand expres-
sions will be hired. Furthermore, we denote
fn+1 = f
(
~r +∆t~ξ, ~ξ, t+∆t
)
fn = f
(
~r, ~ξ, t
)
gn+1 = g
(
~r +∆t~ξ, ~ξ, t+∆t
)
gn = g
(
~r, ~ξ, t
)
f (t′) = f
(
~r + ~ξt′, ~ξ, t+ t′
)
g (t′) = g
(
~r + ~ξt′, ~ξ, t+ t′
)
Thus, the integral along the characteristics, Eq. (4), can
be rewritten as
fn+1 − fn = −
1
λ
∆t∫
0
(f (t′)− g (t′)) dt′ (5)
Employing assumptions and integral techniques on the
right-hand side of Eq. (5), proposed by schemes [11–14],
the corresponding LBM evolution equation will be inte-
grated.
III. BOESCH-KARLIN SCHEME
Boesch-Karlin (BK) scheme employs Euler-Maclaurin
integral to integrate the collision term along the charac-
teristic line [11]. The scheme is quite elegant and pro-
found. It not only offers an analytical solution for the
equation Eq. (5), but also recovers the scheme proposed
by He, Chen and Doolen (HCD) [12] and estimates its
residual error, which is another milestone in the develop-
ment of characteristic-line LBM theory. In this section,
we will revisit their approach. For the sake of further
discussion, the detail will be a bit different. The integral
in this section would apply on the left-hand side of the
BGK-Boltzmann equation instead of the collision term
in original BK scheme.
Due to applicable interval of Euler-Maclaurin Inte-
gral [19], the BGK-Boltzmann equation would firstly be
parametrized with a non-dimensional s ∈ [0, 1]
d
ds
χ (s) = −
∆t
λ
(χ (s)− ϕ (s)) (6)
where
χ (s) = f (∆ts)
ϕ (s) = g (∆ts)
To simplify the notation, we denote the subtraction term
as Q in the following paper,
Q (s) = χ (s)− ϕ (s) (7)
Now integrating the left-hand side in Eq. (6) with re-
spect to s from 0 to 1, instead of directly integrating,
we employ the subsection integral by inducing Bernoulli
polynomials as an artificial integrating part.
1∫
0
dχ (s)
ds
ds =
1∫
0
dχ (s)
ds
B0 (s) ds
=
B1 (s)
1
dχ (s)
ds
∣∣∣∣
1
0
−
1∫
0
d2χ (s)
ds2
B1 (s)
1
ds
(8)
With the property of Bernoulli polynomials,
Bn−1 (s) =
1
n
dBn (s)
ds
Bn (1) = (−1)
n
Bn (0) = (−1)
n
bn
b2n+1,n>0 = 0
3where bn is the Bernoulli number, we repeat the sub-
section integral on Eq. (8), which leads us to Euler-
Maclaurin integration.
1∫
0
dχ (s)
ds
ds =
∞∑
n=1
(−1)
n−1
bn
n!
(
(−1)
n d
nχ
dsn s=1
−
dnχ
dsn s=0
)
= −b1
(
dχ
ds s=1
+
dχ
ds s=0
)
−
∞∑
n=1
b2n
(2n)!
(
d2nχ
ds2n s=1
−
d2nχ
ds2n s=0
)
(9)
It should be noted that until now, the derivation is inde-
pendent from BGK collision model. Applying the rela-
tion in Eq. (6), the nth derivative of χ can be expressed
as,
dnχ (s)
dsn
=
(
−
∆t
λ
)n
Q (s)−
n−1∑
i=1
(
−
∆t
λ
)n−i
diϕ (s)
dsi
(10)
The above formula contains a tricky term, the deriva-
tives of ϕ with respect to s, called as the propagation-
type term by BK scheme. By estimating the magnitude
of the propagation-type term, which is the derivatives of
the locally conserved fields along the characteristics, BK
scheme ignored it during processing the LBM evolution
equation. This dealing can be interpreted as an assump-
tion,
diϕ (s)
dsi i>0
= 0 (11)
Then Eq. (9) can be rewritten as
1∫
0
dχ (s)
ds
ds = b1
(
∆t
λ
)
(Q (1) +Q (0))
−
∞∑
n=1
b2n
(2n)!
(
−
∆t
λ
)2n
(Q (1)−Q (0)) (12)
Inducing the generating function of Bernoulli number bn
[19],
t
et − 1
=
∞∑
n=1
b2nt
2n
(2n)!
+ b0 + b1t (13)
and implementing the direct integral on the left-hand side
of Eq. (12), the equation turns into
χ (1) − χ (0) =−
1
2
(
∆t
λ
)
(Q (1) +Q (0))
−
(
−∆tλ
e−
∆t
λ − 1
− 1−
∆t
2λ
)
(Q (1)−Q (0))
(14)
Using the non-parametrized notation, the integration
of BGK-Boltzmann equation with Euler-Maclaurin inte-
gral, or the exact lattice Boltzmann(LB) equation called
by BK scheme, is recovered.
fn+1 − fn = −
1
2
(
∆t
λ
)((
fn+1 − gn+1
)
+ (fn − gn)
)
−
(
−∆tλ
e−
∆t
λ − 1
− 1−
∆t
2λ
)((
fn+1 − gn+1
)
− (fn − gn)
)
(15)
When we only take the first term in Eq. (15) as the colli-
sion integral, the equation turns into the HCD equation.
And its residual error is the second term of the right-
hand side in Eq. (9). Reconstructing the Eq. (15) in the
form of evolution equation, we can obtain
fn+1 − fn = −
(
1− e−
∆t
λ
)
(fn − gn)
+
(
1 +
λ
∆t
(
e−
∆t
λ − 1
))(
gn+1 − gn
)
(16)
IV. TAYLOR-EXPANSION SCHEME
In Sec. III, we have illustrated the methodology of
evaluating LBM evolution equation with partial integra-
tion. It should be noted that the Bernoulli polynomials
is merely one of the available choices for the artificial in-
tegrating part. The design of the artificial integration
part is quite arbitrary. The only requirement is
P0 (t) = 1
Pn−1 (t) = cn
dPn (t)
dt
(17)
where cn is a coefficient.Here we offer another two series
of polynomials,P 1n (t) and P
2
n (t),
P 1n (t) = t
n (18a)
P 2n (t) = (t−∆t)
n (18b)
These two polynomial series can be directly applied on
the original BGK-Boltzmann equation, Eq. (3), without
parametrization. Repeating the procedure demonstrated
in Sec. III, the corresponding LBM evolution equations
4can be easily resolved.
fn+1 − fn =
∞∑
n=1
(−1)
n−1 1
n!
dnf (t′)
dtn
P 1n (t
′)
∣∣∣∣
∆t
t′=0
= −
∞∑
n=1
(−∆t)
n
n!
dnfn+1
dtn
= −
(
e∆t/λ − 1
) (
fn+1 − gn+1
)
(19a)
fn+1 − fn =
∞∑
n=1
(−1)n−1
1
n!
dnf (t′)
dtn
P 2n (t
′)
∣∣∣∣
∆t
t′=0
=
∞∑
n=1
(∆t)
n
n!
dnfn
dtn
=
(
e−∆t/λ − 1
)
(fn − gn) (19b)
where
dnfn+1
dtn
=
(
−
1
λ
)n (
fn+1 − gn+1
)
−
n−1∑
i=1
(
−
1
λ
)n−i
dign+1
dti
∼=
(
−
1
λ
)n (
fn+1 − gn+1
)
dnfn
dtn
=
(
−
1
λ
)n
(fn − gn)
−
n−1∑
i=1
(
−
1
λ
)n−i
dign
dti
∼=
(
−
1
λ
)n
(fn − gn)
As the partial integration with Bernoulli polynomi-
als generates the Euler-Maclaurin integral form of BGK-
Boltzmann equation, the above polynomial series in fact
generate the Taylor expansions (TE) on different refer-
ence points. The prove is quite simple. Expanding fn
and fn+1 at reference points fn+1 and fn respectively,
they become
fn =
∞∑
n=0
(−∆t)n
n!
dnfn+1
dtn
(20a)
fn+1 =
∞∑
n=0
(∆t)
n
n!
dnfn
dtn
(20b)
Substituting the expansion into the left-hand side of
Eq. (19) correspondingly, then the derived equations are
directly recovered.
fn+1 − fn = fn+1 −
∞∑
n=0
(−∆t)
n
n!
dnfn+1
dtn
= −
∞∑
n=1
(−∆t)n
n!
dnfn+1
dtn
(21a)
fn+1 − fn =
∞∑
n=0
(∆t)
n
n!
dnfn
dtn
− fn
=
∞∑
n=1
(∆t)
n
n!
dnfn
dtn
(21b)
To distinguish the formulas in Eq. (19), we refer to
Eq. (19a) and Eq. (19b) as right-point and left-point TE
scheme respectively, based on their reference points.
V. HE-LUO SCHEME
Despite of the complicated expansion and transforma-
tion BK and TE scheme has implemented, both their
targets are to evaluate the change of f along the char-
acteristic line, fn+1 − fn. In BK and TE scheme, the
change is calculated as an entity, the integration of col-
lision term along the characteristic line. It also can
be resolved by calculating the value of fn+1, which is
adopted by He-Luo (HL) scheme. Once we knew the
value of fn+1, we can easily evaluate the change by for-
mula, fn+1− fn. To resolve fn+1, HL scheme employs a
technique for solving linear first-order ordinary differen-
tial equation (ODE). By introducing a integrating factor
et/λ, the BGK-Boltzmann equation can be transformed
into the exact form [19].
d
(
et/λf
)
dt
=
1
λ
et/λg (22)
It should be noted that the integrating factor et/λ is spe-
cially designed for BGK-Boltzmann equation. Once the
collision model changed, this approach may invalidate,
which means we can’t find an integrating factor to make
equation exact. Now if g was knew and integrable along
the characteristic line with respect to t, Eq. (22) can be
directly integrated. With simple reconstruction on the
integration, we will solve fn+1.
In Ref. [13], He and Luo proposed a design of g along
the characteristic line,
g (t′) = gn +
t′
∆t
(
gn+1 − gn
)
(23)
Then the corresponding integration of Eq. (22) yields
e∆t/λfn+1 − fn =
(
e∆t/λ − 1
)
gn
+
(
e∆t/λ −
λ
∆t
e∆t/λ +
λ
∆t
)(
gn+1 − gn
)
(24)
5Transforming it into the form of evolution equation, we
can obtain
fn+1 − fn =−
(
1− e−∆t/λ
)
(fn − gn)
+
(
1 +
λ
∆t
(
e−∆t/λ − 1
))(
gn+1 − gn
)
(25)
which is exactly the same with the evolution equation of
BK scheme, Eq. (16).
What’s more, from the forms of TE evolution equa-
tions, Eq. (19), we can easily recover the corresponding
evolution function of g (t′) behind them
g (t′) =
{
gn+1 For Eq. (19a)
gn For Eq. (19b)
(26)
Integrating Eq. (22) with the assumption Eq. (26), we
can get
e∆t/λfn+1 − fn =
(
e∆t/λ − 1
)
gn+1 (27a)
e∆t/λfn+1 − fn =
(
e∆t/λ − 1
)
gn (27b)
Reconstructing Eq. (27) in the form of evolution equa-
tion, they yield
fn+1 − fn = −
(
e∆t/λ − 1
) (
fn+1 − gn+1
)
(28a)
fn+1 − fn = −
(
1− e−∆t/λ
)
(fn − gn) (28b)
They equate with the evolution equations of TE scheme,
Eq. (19).
VI. PRECONDITIONS FOR SCHEMES
In Sec. III, Sec. IV and Sec. V, we have illustrated
three schemes to derive the evolution equation under
characteristic-line LBM theory. The BK scheme and TE
scheme are equivalent mathematically, which are appli-
cations of partial integration with different polynomial
series. HL scheme is a bit different. It employs the
strategy of solving the linear first-order ordinary differ-
ential equation. Comparing with BK and TE scheme,
HL scheme is specifically designed for BGK-Boltzmann
equation. All three schemes try to integrate the BGK-
Boltzmann equation along the characteristic line analyt-
ically. Under BGK collision model with the same g (t′),
all three schemes will converge on the same evolution
equation, especially BK and TE scheme.
Against our expectation, our derivation shows that the
mathematically equivalent BK and TE scheme diverge on
evolution equations under the same condition.
df
dt
= −
1
λ
(f − g)
dig
dti i>0
= 0 (29)
Even employing the same TE scheme, the evolution equa-
tion varies with the reference point. Luckily, we recover
all evolution equations derived by BK and TE scheme
with HL scheme. Combining with the the HL scheme,
we can analyze the cause of the conflict.
We start with the formulas of TE scheme, Eq. (19).
From Eq. (26) in HL scheme, we find that the same con-
dition Eq. (29) has different functions for equilibrium dis-
tribution evolution g (t′) under right-point and left-point
TE scheme,
g (t′) =
{
gn+1, ∆t ≥ t′ > 0
gn, t′ = 0
for Eq. (19a) (30a)
g (t′) =
{
gn+1, t′ = ∆t
gn, ∆t > t′ ≥ 0
for Eq. (19b) (30b)
The difference arises from the discontinuity of Eq. (29).
The assumption of g (t′) in Eq. (29) equates with
g (t′) =
{
gn+1, t′ = ∆t
gn, t′ = 0
dg (t′)
dt′
= 0 (31)
in which g (t′) is a discontinuous step function. This
discontinuity violates the application condition of Taylor
expression. Once we reformed Eq. (31) in a continuous
form,
g (t′) = c
dg (t′)
dt′
= 0 (32)
where c is a constant, the right-point and left-point TE
scheme generate the same evolution equation,
fn+1 − fn = −
(
1− e−∆t/λ
)
(fn − c) (33)
This discontinuity also can explain the difference between
TE and BK scheme. Introducing the assumption Eq. (32)
into BK scheme, we can obtain
fn+1 − fn =−
1
2
(
∆t
λ
)((
fn+1 − c
)
+ (fn − c)
)
−
(
−∆tλ
e−
∆t
λ − 1
− 1−
∆t
2λ
)(
fn+1 − fn
)
(34)
With transposition and simplification, the evolution
equation Eq. (33) can be recovered from Eq. (34). It
should be noted that the procedure of BK scheme is based
on the parameterized BGK-Boltzmann equation, but for
the convenience of discussion, we skip the parameteriza-
tion and directly argue on original equilibrium distribu-
tion g. This convention would be kept in the following
paper.
Despite that BK scheme induced a discontinuous func-
tion of g (t′) , the recovery of BK evolution equation un-
der HL scheme shows it’s not meaningless. The reason is
6the subtraction algorithm of high-order partial integral
term in Eq. (9),
−
∞∑
n=1
b2n
(2n)!
(
d2nχ
ds2n s=1
−
d2nχ
ds2n s=0
)
(35)
which eliminates the discontinuity implicitly. The sub-
traction form in Eq. (35) makes the assumption, Eq. (11),
an over constraint. In fact, to derive the evolution equa-
tion of BK scheme, we only need
dig (t′)
dt′i t′=∆t
=
dig (t′)
dt′i t′=0
, for i > 0 (36)
Combining with the design of g (t′), Eq. (23), in deriva-
tion of Eq. (25) in HL scheme, we can recover the implicit
continuous assumption of g (t′) behind BK scheme,
g (t′) =
{
gn+1 t′ = ∆t
gn t′ = 0
dg (t′)
dt′ t′=∆t
=
dg (t′)
dt′ t′=0
=
1
∆t
(
gn+1 − gn
)
dig (t′)
dt′i t′=∆t
=
dig (t′)
dt′i t′=0
= 0, for i > 1 (37)
In fact, Eq. (23) and Eq. (37) describe the same evolu-
tion function of g (t′) along the characteristic line with
different expressions. Now we substitute the assump-
tion Eq. (37) into right-point and left-point TE scheme,
Eq. (19), we can obtain
fn+1 − fn =−
(
e∆t/λ − 1
) (
fn+1 − gn+1
)
+
−λ
∆t
(
e∆t/λ − 1−
∆t
λ
)(
gn+1 − gn
)
(38a)
fn+1 − fn =
(
e−∆t/λ − 1
)
(fn − gn)
−
−λ
∆t
(
e−∆t/λ − 1 +
∆t
λ
)(
gn+1 − gn
)
(38b)
With transposition and simplification,the above equa-
tions can be easily transformed into the evolution equa-
tion of BK scheme, Eq. (16). It validates our statement
that TE scheme is equivalent with BK scheme mathe-
matically.
Throughout our discussion on the difference among
the evolution equations, the discontinuity of g (t′) is the
key reason. The derivation indicates that BK, TE and
HL scheme solve the same equation with different ex-
pressions of g (t′). For an instance, our derivation takes
Eq. (23) under HL scheme while Eq. (37) under BK and
TE scheme. More precisely, in BK and TE scheme, the
expression is a description of the property at the begin-
ning and end points of characteristic line, while in HL
scheme, it’s the evolution function along the line. With
invalid design of g (t′), in which it’s discontinuous under
BK and TE scheme’s expression, or non-integrable un-
der HL scheme’s, the evaluated evolution equation may
be meaningless. Luckily, despite of employing the discon-
tinuous assumption, the evolution equations of BK and
TE scheme coincide with the solution of reasonable de-
sign, referring to the derivation in HL scheme. The only
consequence is the divergence of evolution equations be-
tween BK and TE scheme. It’s not fatal, but it warns us
that there are preconditions for BK, TE and HL scheme.
Only the prerequisites were satisfied, the evolution equa-
tion would be meaningful and explainable. Meanwhile,
BK, TE and HL scheme will converge on the same evo-
lution equation, which could help to check our design.
VII. COMPARATIVE ANALYSIS ON SCHEMES
As Sec. VI has demonstrated, BK, TE and HL scheme
are equivalent when they employ the same continuous
assumption of g (t′) along the characteristic line. In BK
and TE scheme’s derivation, the procedure focuses on the
property of g (t′) at the beginning and end points instead
of the evolution along the characteristic line, which tends
to neglect the application conditions and induce inappli-
cable discontinuous g (t′). Comparing with TE scheme,
BK scheme is a more special derivation, which would im-
plicitly modify the introduced assumption due to the sub-
traction algorithm in high-order partial integral terms.
For both BK and TE scheme, their description of g (t′)
makes it hard to image the physical procedure behind
them. In contrast to BK and TE scheme, HL scheme
pays more attention to the evolution form of g (t′) along
the characteristic line. It leads to a clear illustration of
the evolution process along the characteristic line. For
the same continuous g (t′), the calculation of HL scheme
is more concise than BK and TE scheme. In other word,
HL scheme is better at dealing with model of g (t′).
It also should be noticed that the approach employed
by BK and TE scheme is independent from BGK model
while HL scheme is specially designed for it. The exact
LB equation Eq. (15) is an analytical solution of BGK-
Boltzmann equation with the assumption Eq. (37) or
Eq. (23). Indeed, the ”exact” denotes the analytically
dealing with f in the collision term along the charac-
teristic line. Due to the analytically dealing with f , we
expect the exact LB equation should have a better per-
formance. But the numerical result is quite against our
wish. Inducing the trick proposed by Ref. [12] to remove
the implicitness, the exact LB equation yields
hn+1 − hn = −
(
1− e−∆t/λ
)
(hn − gn) (39)
where
h = f +
(
∆t
λ
1
1− e−∆t/λ
− 1
)
(f − g) (40)
Comparing with HCD equation,
hn+1 − hn = −
1
0.5 + λ/∆t
(hn − gn) (41)
7where
h = f +
∆t
2λ
(f − g) (42)
the exact LB equation is obviously unreliable. For details
of the comparison, readers can refer to the numerical re-
sults of steady assumption (SA) model and evolutionary
correction of derivation (ECD) model in Ref. [14]. The
calculations in Ref. [14] is not based on the derivation of
aforementioned schemes, but they employ the same cor-
responding LBM formulas, Eq. (39) and Eq. (41), which
ensures the validity of numerical results. What should
be noted is that the comparison is based on the explicit
distribution h, which ignores the difference of the def-
initions, Eq. (40) and Eq. (42). The effect of different
expressions h between exact LB and HCD equation, is a
quite independent subject and beyond the scope of this
paper. It should be addressed in a separate publication.
The result of comparison reminds that BGK approx-
imation is only a linear model of the original collision
term in Boltzmann equation. The accuracy of LB equa-
tion depends on the calculation of whole collision term
instead of f in BGK model or even the BGK model it-
self. In this case, BK and TE scheme is more efficient
than HL scheme. In BK and TE scheme, the right-hand
side of equation consists with derivatives of the collision
term, independent from BGKmodel. And the terms lines
up along the order of differentiation. It’s convenient even
straightforward to evaluate the collision integral by intro-
ducing new models or truncating the series, and estimate
the residual error, referring to generating HCD equation
from BK scheme [11]. On the contrary, HL scheme is
bound with BGK model. For new collision models, it
may encounter the challenge of applicability. And the
approximation of whole collision term with truncation
would be a disaster, referring to the recovery of LBM
equation in Ref.[13]
We also would like to point out that BK and TE
scheme converges at different rates in spite of their math-
ematical equivalence. BK scheme converges faster than
TE scheme. It can be easily proven by their first-order
approximation, for BK scheme, its residual error is
∣∣∣∣∣∣
1∫
0
dχ
ds
ds−
1
2
(
dχ
ds s=1
+
dχ
ds s=0
)∣∣∣∣∣∣ ≤
M2
12
(43)
where
M2 = sup
s∈[0,1]
∣∣∣∣ d2ds2
(
dχ
ds
)∣∣∣∣
while for the left-point and right-point TE scheme, its
residual error is∣∣∣∣∣∣
∆t∫
0
df
dt
dt−∆t
df
dt t=∆t
∣∣∣∣∣∣ ≤
M1
2
(44a)
∣∣∣∣∣∣
∆t∫
0
df
dt
dt−∆t
df
dt t=0
∣∣∣∣∣∣ ≤
M1
2
(44b)
where
M1 = sup
t∈[0,∆t]
∣∣∣∣ ddt
(
df
dt
)∣∣∣∣
For details, readers can refer to Riemann sum.
In conclusion of this section, we have made a comment
on the derivation procedure and further development ca-
pacity of schemes. Under BGK model, HL is a better so-
lution to integrating the BGK-Boltzmann equation along
the characteristic line. The calculation is straightforward
and concise with a explicit physical picture. Meanwhile
the unreliable numerical performance of exact integra-
tion, the exact LB equation Eq. (39), reminds of the
importance of overall collision term, which has been ne-
glected in HL scheme. In this regard, BK and TE scheme
are the better choice, which deal with the collision term
as an entity and are independent from BGK model. Fur-
thermore, BK scheme converges faster than TE scheme.
VIII. CONCLUSION
In this paper, we have illustrated three schemes to de-
rive the evolution equation along characteristic line. We
started with the review of BK scheme. Employing the
mathematical skill behind BK scheme, partial integra-
tion, we proposed TE scheme and proved the equiva-
lence between TE scheme and Taylor expansion. Then
we revisited HL scheme. In the demonstration of HL
scheme, we gave all g (t′) approximations behind BK and
TE scheme. By analyzing the cause of the conflict on evo-
lution equations between BK and TE scheme, we argued
the preconditions for BK, TE and HL scheme. Then we
commented on the procedure and further development
capacity of the schemes.
Our investigation shows, under BGK model, BK, TE
and HL scheme are equivalent, which are the analytical
solution for integrating BGK-Boltzmann equation along
the characteristic line. But there are preconditions for
their implementation, the continuity or integrability of
g (t′). Once satisfying these prerequisites, BK, TE and
HL will converge on the same evolution equation. To
our surprise, the derivation shows that the BK evolution
equation is a solution of linear equilibrium distribution
evolution along the characteristic line. And its numeri-
cal performance is quite unreliable, which is against our
original intention. Our demonstration also indicates that
BK, TE and HL scheme have their own best applicable
8scene. For the BGK model, HL is a better choice to cal-
culate the exact evolution equation. Meanwhile BK and
TE scheme are more friendly to new collision models or
whole collision approximation. What’s more, BK and
TE scheme have different convergent rates, in which BK
scheme is faster.
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